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Supersymmetry was introduced in the seventy decades by Golfand-Likht-
man, Volkov-Akulov, Wess-Zumino, and Salam-Strathdee[1]. This super-
symmetry has been the subject of intense research in particle physics which
promises the grand unication theory, also in eld and string theory. The
recent development in supersymmetric eld theory is to nd a generalized
supersymmetry theory via the notion of duality. It was begin by Seiberg
and Witten[3] who considered the N =2 supersymmetric SU(2) Yang-Mills
theory.
On the other hand, Drinfel'd and Jimbo[4] generalized the Lie group
(called quantum group) via noncommutative and non-co-commutative Hopf
algebra. This quantum group has been applied in gauge theory[8,9,10]. This
implies that the eld theory become no longer commutative. So it is uneasy
to dene the variation of the action and its quantum theory. A dierent
approach introduced in [14] has successfuly handled this noncommutative
problem in dening the variation of the action.
In this paper, we start with the denition of a semi-Hopf algebra which
is more general than a Hopf algebra, then we construct the supersymmetry
algebra via this semi-Hopf algebra. As a result we have a supersymmetry
theory with quantum gauge group U
q
(g), i.e., quantised enveloping algebra of
a simple Lie algebra g which is dened by Lyubashenko and Sudbery[7]. The
eld (or supereld) become noncommutative that we handle by dening a
noncommutative invariant scalar product between two elds (or supereld).
So we can construct the Lagrangian N =1 and N =2 supersymmetry by
the scalar product between two supereld and do not worry about the non-
commutative factor. It is also straightforward to dene the variation of the
action and then get the usual equation of motion. We use the notation for
the supersymmetry as was given by Wess-Bagger[2].
This paper is organized as follows. In section II we briey review the
denition of a Hopf algebra given by Tjin[6] and then we dene a semi-
Hopf algebra which is more general structure than a Hopf algebra. Then we
construct the supersymmetry algebra via this semi-Hopf algebra and dene
the general Jacobi identity in section III. The denition a noncommutative
invariant scalar product and the construction of N =1 and N =2 supersym-
metry Lagrangian via superspace formalism, and the N =2 prepotential are
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presented in section IV. Section V is devoted for conclusion and outlook.
II. Semi-Hopf Algebra
Before dening the notion of semi-Hopf algebra, we start with the deni-
tion and elementary properties of Hopf algebra[5]. This Hopf algebra contains
all the information on the algebraic structure of the Lie group while a semi-
Hopf algebra contains all the information on the algebraic structure of the
super-Lie group (as we will see later).
In this paper we use the notation and the denition of a Hopf algebra
given by Tjin[6] and briey introduce Hopf algebraic structure. Then we
dene a semi-Hopf algebra which is more general than a Hopf algebra.
Denition 1 Let A is a linear space over the ground eld C. A bi-algebra
is the set (A;m;; ; ") with the following properties :
1) (A;m; ) is unital assosiative algebra, where
m : A
A! A (2.1)
 : C ! A (2.2)
2) A map  : A! A
A satises
i)  is linear
ii)  is an algebra homomorphism
iii) (
 id) = (id 
) (co-associativity)
3) A map " : A! C such that
(id
 ") = ("
 id) = id (2.3)
Denition 2 A Hopf algebra is a bi-algebra (A;m;; ; ") together with a
map
S : A! A (2.4)
with the following properties
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m (S 
 id) = m (id
 S) =  Æ " (2.5)
where S is an antipode.
Some example of a Hopf algebra can be seen in[4-9]. We interested in
constructing an algebra which contain the algebraic structure of the super-
Lie group. So we dene an algebra (which we called semi-Hopf algebra) as
follows :
Denition 3 A semi-Hopf algebra is a bi-algebra (B;m;; ; ") with the
following properties :
1) There exist q 2 B such that
m (id
 id)(q) =  Æ "(q) (2.6)
2) There exist b 2 B and b 6= q such that
m (S 
 id)(b) = m (id
 S)(b) =  Æ "(b) (2.7)
where S is an antipode
We can choose  Æ "(a) = "(a) I
B
for a 2 B with I
B
is an identity element
of B [4]. Both of the above condition does not compatible to each other. It
means that if q 2 B satises the condition (2.6), then q does not satisfy the
condition (2.7) and vice versa.
The denition 3 implies the following proposition :
Proposition 4 A Hopf algebra is subalgebra of a semi-Hopf algebra.
In the next section, we will construct a supersymmetry algebra via a
semi-Hopf algebra where the odd elements, as we will dene later, satises
the condition (2.6)
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III. Semi-Hopf Algebra and Supersymmetry Algebra
In this section we start to construct supersymmetry algebra via the semi-
Hopf algebra as we introduced above.
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It can be seen from the above equation that the basis element of B consist





because they have  1 parity and the











because they have +1 parity.





, turn out to satisfy the condition (2.6)











, satisfy the condition
(2.7). So it is suÆcient for B to be a semi-Hopf algebra.













= [x; y] , (3.5)

















































































































) similar to equation (3.7). Thus,










the energy-momentum operators, and the Lorentz rotation generators (anti-
symmetric tensor) respectively with , =0,1,2,3 (spacetime index with the
metric 

=diag( 1,1,1,1)), I is the number of supersymmetry generators,












are generator of the simply-connected quantised enveloping algebra
U
q
(g) and g is a simple Lie algebra[7], where r is the number of fundamen-
tal roots of g . A quantum Lie algebra g
q
is a subspace of U
q
(g) satisfying












. In this case the
coproduct of the elements of g
q

























where C is a central element of U
q
(g) and  is the quantum ip operator










As we see from equation (3.6) and (3.7), the adjoint action of B have a
Z
2
graded structure to preserve the closure property. Thus we can dene the






















































































































































































































where c is a constant, f
ab
c
is a structure constant, Z
IJ
are the central charge


















vector and matrix antisymmetric tensor, respectively. The central charges
Z
IJ
are even elements of B. The set of the adjoint action in equation (3.10)
through (3.13) is called general supersymmetry algebra. The second and





























1,..., N and N is the numbers of generator of the gauge group. The general
supersymmetry algebra satises :

























































































































The antisymmetriser   is restricted by the general supersymmetry algebra
(equation (3.10) through (3.13)) for which c = 0, b

form a representation









In the previous section, we have the general supersymmetry algebra
( equation (3.10) through (3.13)), i.e., the supersymmetry algebra with quan-
tum gauge group U
q
(g). This algebra implies that the massless and massive
mutiplet are precisely the same as the supersymmetry with classical gauge
group. The dierence is that in this theory we have noncommutative elds
(or superelds) in each multiplet. So we need to dene the noncommutative
factor between two dierent elds (or superelds). Some example for the
gauge theory are in references [8,9,10]. It is a complicated problem to dene
the variation of action of the theory. Fortunately, the noncomutative invari-
ant property of the scalar product between two elds ( or superelds) bring
us out of this problem.
A. Noncommutative factor and Metric






























































is called the noncommutative factor.











is an Nn Nn matrix with N is the
dimension of 
1
representation and n is the dimension of 
2
representation.



































matrix with N is the dimension of the  represen-







where  is the quantum ip operator dened in [7,8].
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Denition 6 Let  and 	 are two dierent kind of elds (or superelds) in
























In the rest of this paper, the noncommutative invariant scalar product



























the quantum trace element of U
q












contracting the upper index to the















































For the adjoint representation, we have
g
ab





and for the SU
q
(2) see Sudbery[7,8].
Note that it is straightforward to dene the variation of the Lagrangi-
an : Let L (	;	
;


















. We cancel the surface term and then
get the usual equation of motion.
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B. N =1 Scalar and Vector Multiplet
1. N =1 Scalar Multiplet




and can be expanded as
 (y; ) =  (y) +
p
2  (y) + 
2













are the Pauli matrices. Here,  and  are the scalar and
fermionic components respectively and F is an auxiliary eld required for
the o-shell representation.






















































The Lagrangian for the scalar multiplet is the scalar product of a chiral






































2. N =1 Vector Multiplet
This multiplet is represented by a real supereld satisfying V
y
= V . Using
the abelian gauge transformation








) are chiral (anti-chiral) supereld, a; b are coeÆcient, and S is
an antipode, we can write V as









































































is a chiral supereld.
In the non-abelian case, V belongs to the adjoin representation of the
gauge group U
q




































































































































































































The non-abelian supersymmetric Lagrangian (with the F
~
























(see [13]),  is a real parameter, and g is a coupling
constant.
3. N =1 Vector Multiplet couple with Matter
Let  be a chiral supereld belong to a  representation of the gauge
group U
q













S (h()) with  a real parameter.






remain a chiral and anti-chiral
supereld,  and

 have to be a chiral and anti-chiral supereld, respectively.












































































































































































































































































We see from the above equation that the supersymmetry variations of eld
in this theory are precisely the same as the classical internal symmetry group
of supersymmetry[2].
C. N =2 Vector Multiplet
N =2 vector multiplet consist of elds ; and A

;  in a single multiplet.





, i.e., in the adjoint representation. So, the Lagrangian
N =2 vector multiplet is the Lagrangian (4.21)( or (4.22)) with the matter

























with scaling ! =g .
The Lagrangian N =2 vector multiplet can be constructed by using N =2
superspace formalism[11]. TheN =2 chiral supereld is introduced as follows































 are addition anti-commuting

















































































































, and F is referred to
as the N =2 prepotential[3]. The second term in the above equation has









which gives a metric on the space of
elds. Seiberg and Witten[3] have determined exactly this function F for the
SU(2) gauge group.
V. Conclusion and Outlook
We have dened a semi-Hopf algebra which is more general than a Hopf
algebra and we construct the supersymmetry algebra via the adjoint action
on this semi-Hopf algebra. As a result we have a supersymmetry theory with
quantum gauge group U
q
(g), i.e., quantised enveloping algebra of a simple
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Lie algebra g . The eld (or supereld) become noncommutative that we
handled by dening the noncommutative invariant scalar product between
two elds (or supereld). We then construct the Lagrangian of the N =1
and N =2 supersymmetry by the scalar product between two supereld and
do not worry about the noncommutative factor. We nd that the N =2
prepotential depends on a xed element q of the ground eld C and the
chiral supereld . We left the problems of nding R-matrix for the quasi-
semi-Hopf algebra and the extended Seiberg-Witten theory of quantum gauge
group for further research.
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